UNIFORM DOMAINS ON HOLOMORPHIC CURVES

HUGO ARBELAEZ, MARTIN CHUAQUI AND WILLY SIERRA

ABSTRACT. We study a recent criterion for the injectivity of a holomor-
phic curve in ¥ : D — C", the strong form of which is shown to imply
that the image in C" is a uniform surface. This concept is borrowed
from geometric function theory in connection with quasidisks. We also
obtain a two-point distortion theorem giving sharp estimates for the
separation of images in terms of the hyperbolic distance in D.

1. INTRODUCTION

In recent years, several injectivity criteria have been established for the
conformal immersion of the unit disk D C C into higher dimensional eu-
clidean spaces. Important instances are represented by the Weierstrass-
Enneper lift of a harmonic mapping and by a holomorphic curve in C"
parametrized by D [3], [4]. The criteria involve bounds on the Gaussian cur-
vature of the image surface and on a Schwarzian derivative of the immersion
stemming from conformal differential geometry. They constitute generaliza-
tions of classical conditions of Nehari in geometric function theory [10], with
results that go beyond injectivity. In particular, the immersions are shown
to admit a continuous extension to the closed disk with an analysis of the
cases when such an extension can fail to be injective on the boundary. We
cite [12] for a seminal paper analyzing the issues of continuous extension
and extremal mappings for one of Nehari’s condition.

In one way or another, all classical Schwarzian univalence criteria en-
tail establishing the disconjugacy of solutions of an associated second order
linear differential equation. The higher dimensional analogues do as well,
but through an allied one-dimensional Schwarzian operator introduced by
Ahlfors in his study of the distortion of cross-ratio and curves in euclidean
spaces [1]. Of independent interest we mention sharp criteria for curves to
be simple or even unknotted that can be derived in terms of this operator
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2 UNIFORM DOMAINS ON HOLOMORPHIC CURVES

[7]. The appearance of the Gaussian curvature in the high dimensional cri-
teria can be explained as the difference between the conformal Schwarzian
of the immersion along a curve in the domain, and Ahlfors’ derivative of the
restriction of the immersion to that curve. We refer to [13] for a formula-
tion of a derivative that encompasses both Ahlfors operator as well as the
conformal Schwarzian, giving thus a unified approach to the various criteria
here described.

An important phenomenon in classical theory is the connection between
univalence criteria and quasiconformal mappings (see, e.g., [2]). As a general
rule, the strong form of a univalence condition in D (or any quasidisk) ensures
that the mappings f considered admit a quasiconformal extension to the
plane [12]. Equivalently, the image f(D) is a quasidisk, a property that can
be formulated entirely in terms of metric conditions of f(D). Furthermore,
this characterization can be translated to a property of the boundary 0 f (D)
by the well-known four-point condition of Ahlfors. In higher dimensions
there are no known characteristic properties for a topological ball to be
the image of a ball under a quasiconformal mapping of the entire space.
Some results in this direction can be found in [14], [6], where the strong
form of the criterion for the injectivity of Weierstrass-Enneper lifts f is
studied. Specifically, in [14] the author shows that the images f(ID) on
the minimal surface, when bounded, are linearly-connected, John domains
relative to the surface metric. In two dimensions, this would be equivalent
to the image of the disk being a bounded quasidisk. In [6], the authors
obtain a quasiconformal extension to 3-space of the Weierstrass-Ennerper lift
under the same Schwarzian bound considered in [14]. Thus, the “quasidisk”
f(D) in [14] is a “hemisphere” of the quasisphere f(C U {oo}) that bounds
the quasiball f((R®)*1) in space. A connection between the 3-dimensional
quasiconformal geometry of a quasi-ball and the 2-dimensional geometry of
its boundary is unknown to us.

The purpose of the present paper is to extend the results in [14] for
the strong form of the injectivity criterion for holomorphic curves in C"
parametrized by D. For this purpose we introduce the notion of a uniform
surface in complete analogy to the notion of a uniform domain that char-
acterizes a planar quasidisk. The techniques developed here apply as well
to the case treated in [14]. An improvement is that our results are valid
regardless of the boundedness of the image. In addition, we establish sharp
theorems for the separation of images in terms of the hyperbolic distance in
D.

The paper is organized as follows. In Section 2 we give a brief account
of the standard and the conformal Schwarzian derivative, and a classical
criterion of Nehari with its formulation for the case of a holomorphic curve.
We present here the notion of a uniform surface, with the statements of our
main results. Proofs are deferred to the last section. Sections 3 and 4 are
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devoted to Ahlfors operator and to important lemmas regarding the metric
on the image surface in C".

2. PRELIMINARIES AND MAIN RESULTS

We recall the definition of Schwarzian derivative of an analytic and locally
univalent function f given by

B f// / 1 f// 2
5=(7) -2(%)

Nehari [10] proved that a function f analytic and locally univalent in D :=
{z :]z| < 1} is univalent if

(1) 1S1(2)] < 2p(|2]),
where p : (—1,1) — R™ satisfies the conditions

(i) p is a continuous and even function;
(ii) (1 —#%)2p(t) is decreasing in (0,1);
(iii) the differential equation u” +pu = 0 has no nontrivial solutions with
more than one zero in (—1,1).

A function p satisfying the conditions above will be called a Nehari p-
function. An important special case constitutes the Nehari class N of func-
tions satisfying the above criterion for p(t) = (1 — ¢2)72. This class has
been the subject of several investigations in connection with quasiconformal
mappings (see e.g., [2], [12]). In [9] the authros derive other geometric and
analytic properties of functions in the class N and showed, in particular,

that
f"(2)
@) 7(2)

for functions f satisfying(1) with p(t) = p(1 —t2)=2 and f”(0) = 0. In
Lemma 1 below we generalize (2) to a corresponding class of holomorphic
curves.

A holomorphic curve is a smooth function ¥ defined from a domain 2 C C
into C™, n > 1, such that

|2|
<2 0 <1
< W <p<

U'(z) := lim P(z+h) - V()

h
h—0 h ’ €C

exists for all z € Q. It follows that if ¥ is a holomorphic curve and ¥ =
(Y1,...,%n), then ¢ : Q@ — C is analytic for all £k = 1,...,n. We are
interested in the case ¥'(z) # 0 for all z € D. Under this assumption ¥ is a
locally injective holomorphic curve. We regard ¥ = ¥ (D) as a 2-dimensional
surface in C" = R?”. The mapping ¥ represents a conformal parametrization
of ¥ with first fundamental form \(z)|dz| given by

N =Xy = W12 = ]+ + )



4 UNIFORM DOMAINS ON HOLOMORPHIC CURVES

The Gaussian curvature at a point U(z) on X is given by

1
- A2(z)

Note that if f is a locally injective holomorphic function, then ¥ o f is a
holomorphic curve which satisfies (¥ o f)'(z) # 0 for all z and

(4) Avoy = (Aw o fIf].
The Schwarzian derivative of ¥ : D — C" is defined in [4] by
ST = 2(9..,(log \) — (8- log \)?).

(3) K(z) = Alog A(z).

This reduces to the classical Schwarzian when n = 1. A straightforward
calculation shows that

S(¥o f)=(STo f)(f)*+ S,

where f is a locally injective holomorphic function. In particular, if T is a
conformal automorphism of D, we obtain

(5) S(WoT)=(SUoT)(T?.
In [4] the authors prove the following criterion of univalence:

Theorem 1. Let p be a Nehari function and ¥ : D — C" a holomorphic
curve such that W' (z) # 0 for all z € D. If

3
4
then W is injective and has a spherically continuous extension to the closure
of D. If we have strict inequality in (6) in a ring of the form {z : ro < |z| < 1},
then the extension is injective in .

(6) [ST(2)| + TN ()|E (2)] < 2p(|2]), 2z €D,

We will denote by INh* the family of holomorphic curves satisfying

3.9 2u
|SU(z)] + Z)\ (2)|K(2)] < (SERE 0<p<l.
We will write Nh instead of Nh!. Tt is easy to see that if T € Aut(D)
and U € Nh*, then ¥ o T € Nh*. Also, Nhf will denote the family of
holomorphic curves ¥ € Nh* with 9,A(0) = 0.
In this paper we will consider the following definition of uniform domain
in analogy to the definition found in [11] for planar domains:

Definition 1. A surface S C R"™ is said to be an uniform surface if there
exist constants a and b such that each pair of points x1, xo € S can be joined
by a rectifiable arc v C S for which
(i) 1(7) < allzy — @2f;
(i) mi1n2l (v (zj,2)) < bd (z,08) for all z € .
]: K
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Here [ () denotes the Euclidean length of y, v (z;, ) the part of v between
xj and z, and d(z, 0S) stands for the extended real number

d(xz,08) :=sup{r >0: Bg(x,r) C S},

where Bg(z,r) is the ball in S centered at x with radius r.

The main purpose of this paper is to establish sufficient conditions for
image of the unit disk under a holomorphic curve ¥ to be a uniform sur-
face. We will also obtain a two-point distortion theorem associated with a
holomorphic curve.

Further background is discussed in Section 3. Below, we summarize our
main results.

Theorem 2. Suppose ¥ € Nh* and 0 < u < 1. Then (D) is an uniform
surface.

Theorem 3. Let W € Nh* and 0 < u < 1. Then
(1) 1%(=1) = V()| > V(1 = [21)A(z1) (1 = [222)A(22) da (21, 22)
for all z1,z9 € D. Moreover, if V€ Nhjy and \(0) =1, then

¥ () = ¥l € = 2T

for all z1, 20 € D.

A distortion theorem of type (8) for the family Nh was proven in [4].
The inequality (8) is an extension to holomorphic curves of a result for
holomorphic functions obtained in [8]. The inequality (7) generalizes the
result obtained in [5] for an analogous class of harmonic mappings, and our
proof is based on the one given in [5] for the case p(t) = p(1 — t2)~2.

3. THE SCHWARZIAN DERIVATIVE OF AHLFORS

Ahlfors [1] defined the Schwarzian derivative of a regular curve ¢ : (a,b) —
R"™ of class C3, also called Ahlfors’ Schwarzian, by

N L SR A 1 T
le']? It 2 [’

where (-, -) denotes the Euclidean inner product in R™. Ahlfors’ Schwarzian

is invariant under post-composition with a Mobius transformation of R and

satisfies a chain rule. More precisely, if z : (c,d) — (a,b) is of class C® with

2'(t) # 0 for all ¢t € (¢,d), then
Silpox)(t) = Sip(a(t))a’ (t) + Six(1),

" / 1 /2" 2

where
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Chuaqui and Gevirtz [7] obtained an important expression for S; in terms
of geometric quantities of the trace, namely

AN WA 1
S = | — — | = - 2k2 — - 21{72
o) o= (2) -5 (5) 30w = sss o
where v is the velocity of ¢, k its curvature, and s its arc length. In [7] the
authors proved the following injectivity criterion for curves in R”.

Theorem 4. Let P be a continuous function on (—1,1) such that no non-
trivial solution w of the differential equation v’ + Pu = 0 has more that
one zero. Let ¢ : (—=1,1) — R™ U {oo} be a regular curve of class C3. If
Sip(x) <2P(x) on (—1,1), then ¢ is injective.

4. GROWTH AND DISTORTION RESULTS FOR THE METRIC

The first result of this section generalizes (2) to the subclass of holomor-
phic curves ¥ which satisfy (6) and 9,\(0) = 0.

Lemma 1. Let p be a Nehari’s function and ¥ : D — C™ a holomorphic
curve such that W'(2) # 0 for all z € D. Suppose that ¥ satisfies (6) and
0.A(0) = 0. Then

1
(10) TBA )| < w (2]
for all z € D, where w is the solution of the initial value problem
w' (t) = w? (t) +p(t),
() Lo® e
with 0 <t < 1.

Proof. Since the quantities involved in (10) are invariant under rotations, it
suffices to show (10) in the case 0 < z < 1. On the other hand, if y(t) =
0. log A(t), it follows that

: {1 (7)1 <\1ﬂx\1ﬂ>2} . {1 v’ 1<w",w'><wcw>}

2 \2 2 A4
= (10g )\)zz + (].Og )\)ZZ-

From here, and from the definition of SW, we obtain that

2 N2 2 Al

1
y = 55\11 + 2 + (log \).z,
or equivalently, by (3)
1 1
12 "=y’ + [ 2ST - -NK ).
(12) y =y + <2S 1 >
Hence, by (6) and (12), we conclude that ¢(t) = | y(t

(13) { z’(g)) < ﬁ(t)Q +(t),

)| satisfies
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Comparing (13) with (11) we have
{ (0 —w) (1) < (¢ —w) (g +w) (t),
(o —w) (0) =0,
which implies that, for 0 <t < 1,

e foler(p — )} = &= BT — w) — (o~ w)(p +w)] <O.
Hence, as ©(0) = w(0), we can get e~ J(#TWdt (o, _ ) < 0 and so, |y ()| =
o) <w(t), forall 0 <t <1. O

Remark 1. In particular, for the Nehari’s functions p(¢) = (1 — t2)_2,
p(t) =2(1—)"", and p(t) = 7%/4 we have w(t) = t/1 — 2, w(t) =
2t/1 — %, and w (t) = 5 tan (%) , respectively. Also, if p (¢) = p (1 — t2)_2,
0 < p <1, then
t 20/

T2 1-e
where o = /T — p and A, is given by

ey L ==

a(l+z2)2+(1—2)>

Moreover, a straightforward calculation shows that A, is convex in [0, 1], so

P(t) = A“f(t) is increasing here. Thus,

(14) w(t) Au(t),

At
1—a2“t() < 1—a2AL(0):1—a2:M.
From this, (14) and the inequality (10) it follows that if U € Nhfj, 0 < p < 1,

(15)

Olog A )z
< —
75 <
for all z € D.
We illustrate Lemma 1 by using Example 2 in [4]:

Example. We consider the Nehari’s functions pi(z) = (1 — 22)72 and

p2(z) =2(1— 22)_1. The analytic and univalent functions ®; and ®, in D
given by
1 142 1 142 1 =z
) =-1 d ¢ =-1 =
1(2)=glog - and @a(z)=glog 24 515

satisfy S®; (z) = 2p; (2), j = 1,2. The image ®;(ID) is a parallel strip
like domain, symmetric with respect to the real and imaginary axes, and
containing the entire real line. Let

by (n) = B
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where ¢ > 0 is to be chosen sufficiently small so that i/c ¢ ®;(D). The
functions 1; maps D onto a simply-connected domain containing the unit
circle minus the point 1. Define ¥ : D — C? by

W (2) = (w“;]) j=1..

A straightforward calculation shows that if A; := [|[W/]| then 0.); (0) = 0.
Furthermore, according to Example 2 in [4] ¥; satisfies (6), namely ¥,
verifies the hypotheses of Lemma 1.

We say that a function u : [0,1) — R™ is eventually increasing if there is
xo € [0,1) such that w (¢) is increasing in zg <t < 1.

Lemma 2. Let ¥ € Nh and suppose ¥ bounded. Then

(16) g (2) = L

Y-
has a critical point in D.

Proof. Since ¥ is bounded we have that f_ll)\(t) dt < oo. Let h(t) =
fg A (7) dr be the arc length function. It follows from Lemma 2 in [4] that

3 2
(17)  Sh(t) <SP () <[ (1) + 3 (1) [K ()] < 1)
for t € (0,1). We define the function
x(s) = 6287_1 —00 < 8 < 00
- 625 + 17 )

which is bijective and increasing from R onto (—1,1) with inverse s(z) =
3 log 11£. Note that v = (w o x) /v where w = 1/v/h’ , which is a solution
of

(18) w4 3 (Shyw =0

From (18) and the equality 2’ = 1—22, straightforward calculations produce

W (5) = <1 (11— 2% (s) %Sh (2 (s))> v (s).

It follows from (17) that the expression in parenthesis is non negative, so v
is convex. We claim that ug has an absolute minimum. Indeed, since the

integral 1
/0h’(t)dtz/Oooh’(x(s))m/(s)dsz/owv;z(;

is finite then the convexity of v implies that v(s) — oo when s — oo, and
therefore v is eventually increasing which implies that wy () — oo when
t — 1. Then, given M > 0, for all 6 € [0, 2] there is ry € [0, 1) such that
uyg (r) > M, for all 7 > ry. Let r (M) be the maximum of ry that satisfies
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this condition, then wy (r) > M, for all » > r (M) and for all 6 € [0, 27].
It follows that wy (2) — oo when |z| — 1. So ug has a minimum in D and
therefore a critical point there. O

Corollary 1. Let W € Nh. Then there is an absolute constant M > 0 such
that

O0log A M

 —
o)<
for all z € D.

Proof. Suppose first that ¥ (D) is bounded. By Lemma 2, there is a critical
point zg € D of the function uy defined in (16). With p(w) = 2= we
have that g = W oy € Nh. Therefore, since ¢ € Aut(D), we obtain from (4)
that ugy = uy o ¢, and consequently u, has a critical point at zero. From

here and the equality

Owlig 1 w

(w) = B {1—‘“’|2 — Oy logAg(w)} ;

it follows that A4 has a critical point at zero. We conclude that g € Nhg
and thus, by the inequality (15)
Olog Ay |w]
Bw W‘ ST P
On the other hand, as p = ¢!, ¥ = goyp and hence Ay (2) = A\g(¢(2))|¢'(2)].
Thus

Ug

(19) w e D.

1
0:log A (2) = (0w log Ag((2))) ¢ (2) + 5 (2).
From definition of ¢ and (19), we obtain that
20
1—2pz

le(2)| |
|8zlog/\\1/(2)|§w’<ﬂ (Z)H" < 1|22

This proves the bounded case. The unbounded case follows by applying the
above argument to U,(z) = 1¥(rz), z € D and letting r — 1~ O

Corollary 2. If U € Nhij, 0 < u <1, then for all§ € T and 0 <r < 1,
1
SAE) < () < 2A(r€),
147
r<p< 3

Proof. Given £ e Tand 0 <r < p < 1,

0 P
g;ipg -/ 82 log A(s€)ds — / 2Re {0 log A(s€)¢} ds.

From Lemma 1 we have that
A(p€) /p 2us

1 < ds < ulog?2

‘ng@ Bl

ifr<p< %, and the corollary follows. O
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Remark 2. Under the same hypothesis of Corollary 2, we have that

1
SAGE) < A(p) < MAGE)
if 0 <7 < p < 1satisfy 1 —r? < M(1 — p?), with M an absolute constant.

The following corollary is established in analogous form.

Corollary 3. Let ¥ € Nhy and k > 0. If z = re? and ¢ = re™ with
O0<r<land|0—v|<k(l—r), then

e A(Q) < Az) < € A(Q).

Remark 3. If ¥ is a holomorphic curve satisfying (6) with p(t) = (1—t2)72,
then (see [4], Theorem 4)

(1= |z20/%)A (20)
VZ(1 = |z0]) + (1 = |20) (0. log A) (20) — 5

where dy(20) := d (¥(20),0%¥ (D)). It follows from this and Corollary 1 that
C = 4 + /2 satisfies

(21) (1= |#0]*)A(20) < Cdy(20), 20 €D,

for all ¥ € Nh.

(20) dy (Zo) > , 2o €D,

5. PROOF OF THE MAIN THEOREMS
We start with some preliminary lemmas found in [14].

Lemma 3. Let g be a real smooth function on (—1,1) such that ¢'(t) > 0
for allt € (=1,1), and ¢"(0) = 0. Suppose that the Schwarzian derivative
of g satisfies

2

Sg(t)ém, 0<pu<l
n (=1,1). Then there is M > 0 (depending only on 1) such that
(22) /1gl(t)dt§M(1—r2)g’(T), 0<r<i1
and '
(23) /rl J@Odt<M(1—) g, -l<r<o.

Lemma 4. Let a = re? € D and S be the hyperbolic segment orthogonal
to diameter [—e¥,e®] at a. Let €' and €%, 1 < 05 be the endpoints of S.
There is a constant K independent of r, such that for all w = rie’® € S it

holds
(i) |2 —a| <K —r),if0 <a

(i) |6h —a| < K(1—r), ifa <6.
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Remark 4. With the notation before, we conclude from Lemma 4 and
Corollary 3 that there exists M > 0 such that if ¥ € Nhg, then

(i) SA(r1E®) < Aw) < MA(re), if § < a,
(i) A (re?) < Aw) < MA(r1e), if 6 > o

The proof of the following lemma is similar to the proof of Lemma6 in
[14], and is included here for the convenience of the reader.

Lemma 5. Let a and S be as in Lemma 4 and o the automorphism of the
unit disk that maps (—1,1) onto S in such a way that o(—1) = €2, 7(0) = a
and o(1) = €. Suppose that ¥ € Nhj, 0 < <1 and \y = (Ao o) |o'|. If
x 18 a critical point of the function

1
(24) v(t) = m, -l1<t<1

and |z| > p+mn, for some n > 0, then there is M > 0 such that
1
27\ W) < Aa) < MA(y),

where y = o(x).

Proof. By a straightforward calculation one can see that o(z) = —ie® lmtfz,
v(t) 1 { 2t )\’l(t)}
o(t) 21—t M@ S’

and

M) (VA@). 1) o o)
NG~ ey TR

From this and the assumption v'(z) = 0 we obtain

T4+7r222 = 1—|z|2  1+7r222

2z _ (VAo(2)),0'(x)) o"(x)
2T Moy o)
Hence, by (15) and Re Zl,l((;c)) =— 1?;,2”; 5, we deduce that
Ed plo ()] r?la] plo ()] 1
< T <
o = T fop "

" 1
“1—|z]2 14722

and so
|| — “oo 1
1— |z = 1+r2a?
We conclude from the condition |z| > p + 7 that

n_ . 1
1—22 147222
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and therefore H'T x < ~. Finally, the equalities
4 (x)\ 1 , 1—r?
= and |o'(2)] = ——,
1— o)) 1—|zf? (=) 1+ r2g?
imply
1 —|af? L+7r222 1
(25) o _14ria® 1
1—|o(z)]? 1— a2 n
The lemma now follows from Remarks 2 and 4. U

From Lemmab5 and the inequality (25) we obtain the following result.

Corollary 4. Under the hypothesis of Lemma 5, there exist positive con-
stants C = C(u,m) and 6 = §(u,n) such that

(1 - ly*)A)
< —— =2 K

"= W A =
where y = o(x).
Proof of Theorem 2. Step 1. Suppose ¥ is bounded. By Corollary 1 we
can assume that VA(0) = 0. Let A,B € ¥ (D) = ¥ and a,b € D such
that U (a) = A and ¥ (b) = B. We consider the curve I' = ¥ (S), where
S := S(a,b) is the hyperbolic segment with endpoints a and b. We will prove
that given p € I’

min {1 (I (p, A)) .1 (T (p, B))} < Myd (p, 95)

Let g € D such that ¥ (q) = p. Without loss of generality, we can assume
that if z9 = roe’® is the midpoint of the hyperbolic geodesic v passing
through a and b, then Arga > Argzp and ¢ € S (20,a). A parametrization
of S(q,a) is given by
p(t) = —ie™ ror ! ; t1 <t <ty, ti,t2€]0,1).
1+ roit -
Hence, by Remark 3, there is a constant k such that
1

26 LE(S@a) < [ MO Old <k [ Mol Ol

t1 t1

where 6§ > Arg{a} and ¢ is an endpoint of 7. Consider two cases: if
t1 > 1/2, defining u = |p(t)| we have that

1472 u? — r?
r_ 2 _
uu —t1+r2t2]cp()] and ¢t ek
whence
' (¢ ‘—7\/1—4—7’2t2\/t2+7’2u’<4u

1/2 <t3 <t <1. Thus, by (26), Remark 2 and (21) we obtain

1 —~
uww@w»s%/?)Mw%mscﬁwamﬂxmeSMm@%
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where the constants depend only on p. Now, if we suppose that 0 < t; < 1/2,
it follows from the above that

1/2 1
L (S (g,a))) < / Ao (®) |0 dt + / RICOIEOIT

1/2 1 )
< /t p(®) | ()| dt + 4k / Mue®)du,

le(1/2)]
since [¢(t1)] < [p(1/2)|. On the other hand, for 0 <t < 1
r2 1)2
+ =
L= Je)P > 1 e/ =12 ((;
2

whence 1 — |p(t1)]*? <172 <2(1 — |p(t)?), 0 <t < . We conclude from
here and Remark 2 that there is M’ such that

1/2 1/2
| xe g @ld < [ Aol ¢ o)
1 1
1/2
<o’ [ Aete] €] o) at
t1
Thus, from |¢'(t)| = 11+T’;t2 <1-72<2(1—lp(t1)?), Remark 3 and (21)

it follows

1/2 .
/t M) | ()] dt <2M" (1 = [(t1)]*) Al p(t1)]e”)

<M (1= [p(t1)?) Me(tr)) < K'dy (q) -

This proves the condition (i7) of Definition 1 in the bounded case. Note that
k" only depends on pu.

Step 2. We will show that there is M > 0 such that for all ¥ € NhA*
bounded and for all a,b € 0D

(27) LW (S)) < M[[¥ (a) =¥ ()],

where S is the hyperbolic segment with endpoints a and b. If there is no
such constant M, then for all n > 0, there is f, € Nh* bounded and ¢ € T
such that

here S, is the hyperbolic segment with endpoints ;" and ¢, . Without loss
of generality, we can assume that VA, (0) = 0. Proceeding as in Step 1 one
can show that

L (S0)) < € (1= 12l ) Mg (20)
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where z, is the midpoint of S,, and C' only depends on u. It follows from
here and the inequality (28) that

o 126D 12 (6]
(29) nl—>oo (1 = |zn|?) Mg, (20)

Given n let o, € Aut (D) be such that o, (+1) = ¢ and o, (0) = z,. Note

=0.

that o, (z) = 7iei9n% if z, = rnew", fnoon € Nh#*, and Af o6, =
(Af, o on)loy,|. From Lemma 2, we can conclude that the functions
1

O0<t<1

Ut 00p (t) = \/(1 _ t2))\fnoo'n (t)’

have an absolute minimum at some z,, € (—1,1).
Now we consider the sequence of functions F;,, = f, o R,,, where R,, =
0n 0 Qn and Qn(z) = 1@;;. It is easy to see that F,, € Nh*,

Fo(£1) = fo(¢F)  and  Ap, = (Ao Ry)|R,|.
From the discussion above it follows that ug, (t) = (uf,00, © @n)(t) has a
critical point at t = 0 and hence aé\g 2 (0) = 0. We conclude that
Fn(z) — Fa(0)
U, (z) = , Yn =T (zn
& g (o)
satisfies ¥,, € Nh*, Ag, (0) = 1, 9, Ay, (0) = 0 and by Corollary 1
Olog Ay, () 3
R B

Integrating we obtain

(L= J2])° 8
3 <Ay, (2) < ma

Since the components of ¥,, are analytic in D, it follows from (30) that ¥,
has a subsequence V¥, , that we denote ¥,,, which converges locally uniformly
in D to a holomorphic curve ¥ € Nh*. Note that if A (z) = [|¥' (2) ||, z € D,
then Ay, — A locally uniformly in D. Also, for all j =1,2,...

&\ 89\
o () 7 55 (1),

for all t € (—1,1) and accordingly S1¥,, (t) — S1V¥ (¢). From (9) and the
inequality (see [4], Lemma 2)

(30) zeD.

2
— 2 2
S1Wn(t) = Ssp (1) + Ay, (D) (1) < (=5 -1 <t <1,
we obtain
21 2u
Sl\l’ (t) S m and SSn (t) S m, -1<t< ]_7
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t
where s, (t) = / Aw, (v) dv and k, (t) is the curvature of ¥, (f). Since

s(0) = 9z w, (0) = 0, we can argue as in the proof of Lemma 1 (see also
[14], Lemma 2), and conclude that

s (t) 2t

n

s (@) - M-

n

0<t<1

and therefore

(31) Ay, (t) = s,

By applying the results derived above to §,(t) = —s,(—t), =1 <t < 1, we
conclude that the inequality (31) also holds for —1 < ¢ < 0, since §, and
sn, have the same Schwarzian derivative and 57 (0) = s”(0) = 0. Then the
sequence VU, is equicontinuous and bounded in [—1, 1], which implies that
¥,, converges to ¥ uniformly in [—1,1]. In consequence

Wy (1) = Wy (D] = | (=1) =¥ (D).
Now, by definition of V,,,

1fn (1) — fr (Gl
82 [ (1)~ ()] = el e
_ n (G) = fa (G (1= 12nf?) Ay, (2n)
(1= 12n*) As, (2n) (1= lynl?) As, (yn)
From Corollary 4 it follows that there is a constant 8 > 0 such that

(1 - |zn|2) Afn(zn) <B.
(1= lyal*) As(yn) —
Then, from (29) and (32) we have ||V, (—1) — ¥, (1)|| = 0 and so ¥ (—1) =
W (1) which is a contradiction since, from Theorem 1, ¥ is injective in D.
This proves (27).

Step 3. We prove that ¥ (D) is an uniform surface for ¥ € Nh*. Given
A,B €V (D), A+# B, there are a,b € D such that ¥ (a) = A and ¥ (b) = B.
We will show that I" := W (S (a,b)) satisfies (i) and (¢7) of Definition 1. If
we compose with an automorphism of D we can assume that |a| = |b] =
p- The function ¥, (z) = ¥ (pz) satisfies ¥, € Nh*, ¥, (D) is bounded,
A=Y,(a/p), B=Y,(b/p), A,Beco¥,D)andI'=¥,(S(a/p,b/p)). It
follows from Step 2 that

LI) = 1(W, (S (a/p,b/p))) < My l[W, (a/p) =W, (b/p)]| = My ||A = Bl

which prove (i). To show (i7) we take p € I, there is ¢ € S (a,b) such that
V,(q/p) = ¥ (q) = p. We conclude from Step 1 that

min {1 (T (p, A)) .1 (T (p, B)} < ks, (a/p) = kyd (p.0F, (D)
< kyd (p, O (D)) = Ky (q).
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Proof of Theorem 3. By Lemma 2 in [4], the curve ¢ := V|, ;) satisfies

3
S1¢(x) = Re {SV¥(x)} + ZAQ(JU)|K(¢($))\, ~l<x<l.
The condition ¥ € Nh implies
< - _
S1<Z>(af)_(1_x2)2, l<z<l,

and hence by Theorem 2 in [5],

P(r1) — P22
el 2 VO~ o) e
or equivalently,
[ W (1) — W(xo)]|
M)A (@)}
In the general case, given z1,2z9 € D, there are T' € Aut(D) and points
x1,x2 € (—1,1) such that T'(z1) = 21 and T(x3) = 23. Since ¥ o T € Nh,
then

> \/(1 — 23 (1 — 23) dp(x1, 22), z1,22 € (—1,1).

U(T(x1)) —V(T'(z

19T (1)) St 233! > \/(1 —22)(1 — 23) dp(x1, 72).
{Awor(z1) Awor(x2) }

It follows from here and the equality Agor = (Ao T')|T”| that

(1) — ) : ,
{)\(zi)/\(zQ)}lQ/2 = \/(1 — 2})|T"(21) (1 — 23)|T"(x2)| dn (21, 22)
and consequently
[2(z1) = Dz2)l — |z — |z 21,2
e 2 2 VA a0 =l ditar, 2),

which shows (7).
On the other hand, since ¥ € Nhf, we obtain from Lemma 1 that

(33) IV log A(2)] = 20 log A(2)| < 2w(]z),
where w is solution of the initial value problem
/ 2 H —
Now, given r € (0,1) and 6 € [0, 27),
A(re'?) "d 0
1 = — log A(te")dt

= / <Vlog )\(teie),ei9> dt
0
and therefore, by (33),

A(rei?)
A(0)

‘log

< /0 “ow(t)dt.
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Since p € (0,1) we have that

where ( ) ( )
1(1+2)*—(1—-2)~
Au(z) == =vi-
W)= s e @ a
It follows that
A(re?) T2t " 2a (14+t)*—(1-1t)°
1 < dt — dt
‘Og 20) —/0 1 /0 1— 2 (1+8)*+(1—t)e

1—1r2

o
= log ! —/Or QQZIEiiiadt.

(e}
The substitution v = G—;’i) leads to

lo /\(mw) <lo 1 _|_/u(r)11_udulo 1 +/u(r) 1_
& A0) | — 812 L uldu 8112 1 u
therefore
)\(rew) 4 u(r)
1 <1
‘ o) |5 [1 —r2 (1 + u(r))?
_ \a—1 a—1
= log [4 U= (d+r) }
(L +r)o+ (1 —r))?
and thus we conclude that
) 41—a
Py <N0) .
A(re'”) < A(0) A==

We obtain (8) by following the argument found in [12] (see also [8]).

17

O

We may also obtain an inequality type (8) assuming ¥ € Nh and ¥

bounded.
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